Merger shocks induce turbulence in the intra-cluster medium (ICM), and, under some circumstances, accelerate electrons to relativistic velocities to form so-called radio relics. Relics are mostly found at the periphery of galaxy clusters and appear to have magnetic fields at the µG level. Here we investigate the possible origins of these magnetic fields. Turbulence produced by the shock itself cannot explain the magnitude of these fields. However, we argue that if the turbulent pressure support in the ICM upstream of the merger shock is of the order of 10 to 30 percent of the total pressure on scales of a few times 100 kpc, then vorticity generated by compressive and baroclinic effects across the shock discontinuity can lead to a sufficient amplification of the magnetic field. Compressional amplification can explain the large polarisation of the radio emission more easily than dynamo turbulent amplification. Finally, clumping of the ICM is shown to have a negligible effect on magnetic field amplification.
INTRODUCTION
In the classification of diffuse synchrotron radio emission in galaxy clusters, radio relics are polarised (generally at a level of 10 to 30%) sources with a steep spectral index α 1. They have elongated shapes, with sizes between 10 2 and 10 3 kpc, and are usually located at the cluster periphery (Ferrari et al. 2008 , for a review). According to the scheme proposed by Kempner et al. (2004) , there are two classes of relics, the "radio ghost" caused by shock-induced compression of fossil radio plasma (Enßlin & Gopal-Krishna 2001; Enßlin & Brüggen 2002 ) and the "radio gischt" caused by shock accelerated cosmic ray (CR) electrons (Enßlin et al. 1998; Hoeft & Brüggen 2007) . In this paper, we will only be concerned with gischt relics.
Relics are thought to be caused by shocks, triggered by a major merger and propagating through the intra-cluster medium (ICM) . In a few cases (A521, Giacintucci et al. 2008; A3667, Finoguenov et al. 2010; A754, Macario et al. 2011 ) the radio emission in relics is co-located with a shock front, detected by X-ray observations. Some observations suggest that relics host relatively large magnetic fields, with typical values of a few µG (for example, Bonafede et al. 2009; Finoguenov et al. 2010) .
⋆ E-mail: luigi@uni-heidelberg.de These fields are derived using several methods, mostly equipartition arguments, comparison of hard X-ray and radio emission (cf. Ferrari et al. 2008) , the spectral aging (Markevitch et al. 2005 ) and the width of relics seen edge-on. The last method has been employed for a relic recently observed in the cluster CIZA J2242.8+5301 (van Weeren et al. 2010 ). This relic is extreme in terms of its very regular morphology, the high degree of polarisation and the large magnetic field, between 5 and 7 µG.
The theoretical study of relics in cosmological simulations requires to connect the simulation output with a postprocessing step for the computation of the radio emission. This exercise has been performed several times in the literature, using different hydrodynamical codes (mesh-based or SPH) and assumptions for the radio emission (Hoeft et al. 2008; Battaglia et al. 2009; Skillman et al. 2011) . Other related works focus on the acceleration mechanism of the CR electrons (a recent example is Kang & Ryu 2011) , on predictions for future radio observations (Nuza et al. 2012; Vazza et al. 2012 ) and on putting constraints on the merger geometry (van Weeren et al. 2011a) . The cited studies make assumptions for the magnitude of the magnetic field B in the ICM, either based on a scaling of B with density (Hoeft et al. 2008; Skillman et al. 2011) , or with thermal energy (Battaglia et al. 2009 ), because those simulations do not include any MHD treatment. However, there are a num-ber of observations and simulations of magnetic fields in clusters, for the calibration of these scalings. Here we briefly review the results most relevant to our analysis.
Observations of relics show (cf. van Weeren et al. 2009 ) that the most extended, arc-like objects are found at large projected distances from the cluster centre. For example, CIZA J2242.8+5301 is a massive cluster (LX = 6.8 × 10 44 erg s −1 , thence T ≃ 9 keV, van Weeren et al. 2010 ), so its virial radius would be about 3 Mpc, meaning that its relic is located approximately at 0.5 Rvir. Another prominent object, the northwest relic in A3667, has a projected distance of about 1 Rvir. These two cases set the distance range that this study investigates. The typical magnetic field near the lower edge of this range, derived by Clarke et al. (2001) from the statistics of Faraday rotation measure (RM) measurements, is 5 µG within a distance which, given the X-ray luminosities of the targets in their cluster sample, is approximately 0.3 Rvir. Govoni et al. (2006) study the RM in A2255 and, with their best model, derive a radial profile for B with values between 0.6 and 0.4 µG in the distance range between 0.5 and 1 Rvir. Similarly, in their RM observations of Coma, Bonafede et al. (2010) derive a profile for B obeying B(r) = B0[n(r)/n0] η , where n is the gas number density, and B0 and n0 are central values. Their best model is for B0 = 4.7 µG and η = 0.5, resulting in a value of 0.9 µG at 0.5 Rvir. With a different technique, based on de-polarisation arguments, Bonafede et al. (2011b) find in a sample of clusters on average B ≃ 2.6 µG within approximately 0.3 Rvir.
In summary, observations support that the ambient magnetic field strength in the distance range relevant for radio relics is, within a factor of a few, 1 µG at 0.5 Rvir.
These values are confirmed by cluster MHD simulations, performed with a variety of codes and prescription for additional physics (Dolag et al. 2002; Dubois & Teyssier 2008; Dolag & Stasyszyn 2009; Donnert et al. 2009; Xu et al. 2010; Bonafede et al. 2011a; Xu et al. 2011) . The theoretical results show a marked dependence on the magnetic seed, either primordial or produced by an AGN outflow, but under the constraint of a central magnetic field of a few µG they are generally in agreement with the observations.
In this work we want to address the following questions: How are the apparently large magnetic fields in relics produced? Can we explain the observed polarisation in relics? Our fiducial example will be the relic in the galaxy cluster CIZA J2242.8+5301?
An important process for magnetic field amplification, often invoked in the magnetogenesis of galaxy clusters, is the small-scale, turbulent dynamo (Dolag et al. 2002; Brüggen et al. 2005; Subramanian et al. 2006 ). However, we will show that the amplification of the magnetic field, B, is not driven by turbulence injected by the shock. Instead, we argue that ICM turbulence upstream of the shock produced a magnetic field, that is amplified by the shock. Thus the upstream magnetic field can be amplified by a factor close to the shock compression ratio or somewhat larger if baroclinic effects are important.
The role of shock-driven vorticity generation will be studied in Section 2, where estimates for the downstream magnetic field and the polarisation level will be derived. The efficiency of turbulent amplification and the effect of clumping will be quantified in Section 3 and 4, respectively. The results will be discussed and summarised in Section 5.
VORTICITY JUMP ACROSS A PROPAGATING SHOCK

The vorticity equation and its terms
Hydrodynamical shocks can amplify vorticity ω which in the frozen-in case follows the same evolution equation as the magnetic field, B (e.g. Davies & Widrow 2000) . According to Kevlahan & Pudritz (2009) (their equation 5), the vorticity jump δω across a propagating shock, along the binormal direction b (tangential to the shock surface) is:
where s is tangential to the shock and n is the shock-normal direction, so that the binormal direction is b = s × n. We note that the normal component of the vorticity is continuous across a shock. The normalised density jump across the shock is µ = ρ2/ρ1−1, where ρ2 and ρ1 are the pre-shock and post-shock gas densities, respectively, Mt is the turbulence Mach number of the upstream flow, MS the Mach number of the shock and ∂/∂S is the spatial derivative in the direction tangential to the shock surface. The first term on the right-hand side of equation (1), the so-called curvature term, is relevant at locations where the shock speed varies along its surface, or where this surface bends. The second term governs the baroclinic generation of vorticity, as it clearly appears in the derivation performed by Kevlahan (1997) , but it is cast in a more general form than ∇ρ × ∇P (e.g., Ryu et al. 2008) ; in particular, the expression in equation (1) is suited to deal with the shock propagation in a non-uniform flow. The third term is associated with flow compression at the shock, and arises from the conservation of angular momentum. We stress that this term in equation (1) is non-vanishing only if the upstream fluid is not irrotational (i.e., if it has a non-vanishing vorticity); on the other hand, Kevlahan (1997) shows that even a straight shock can generate vorticity in an irrotational fluid by baroclinic effects.
If the upstream flow is turbulent and the incoming shock is curved, all terms can potentially contribute to the amplification. The compressional contribution has the same nature as the magnetic amplification at shocks following from flux conservation, described by Enßlin et al. (1998) . Consider a magnetic flux tube with strength B1, oriented at an angle θ1 with respect to the shock normal: this tube will be bent by the interaction with the shock and the field amplified, according to
and
where the subscripts 1 and 2 refer to the pre-shock and the post-shock region, respectively, and R = ρ2/ρ1 is the shock compression ratio. From equation (3) it is easy to see that the magnetic field amplification is negligible when B1 is oriented parallel to the shock normal (θ1 ∼ 0, thereby B2 ≃ B1), whereas B2 ≃ RB1 when B1 is nearly parallel to the shock surface. The shock compression amplifies therefore preferentially the field along the shock surface, although only with a moderate efficiency namely, at most, R = (γ + 1)/(γ − 1) for strong shocks. For a typical merger shock with Mach number MS ∼ 3 the Rankine-Hugoniot shock jump relations predict R ∼ 3, assuming a polytropic index γ = 5/3. Hence, shock compression results in an amplification of B by a factor of a few. If the shock is further modified by cosmic rays, the compression factor can become even higher (cf. Section 5). How strong is the vorticity produced by the curvature of the shock? According to Truesdell (1952) , the jump induced by shock curvature can be rewritten as
where US is the fluid velocity tangential to the shock, in the shock reference frame, and K is the shock curvature. For a simple estimate in the merger shock case, let K ∼ 1/D, where D is the distance of the shock from the cluster centre, set to 1.5 Mpc for similarity with CIZA J2242.8+5301. We also approximate US with the turbulent velocity in the upstream medium. To be more quantitative, the ratio of turbulent to thermal pressure at the length scale l can be written as
where v turb (l) is a turbulent velocity at the scale l, k is the Boltzmann constant, µ = 0.6 is the mean molecular weight in a.m.u., mp is the proton mass, and T is the gas temperature. Both simulations and observational evidence suggest that, in regions around the virial radius, P turb /P therm ∼ 0.1 − 0.3 at the turbulence injection length scale l0 of a few times 100 kpc (e.g., Vazza et al. 2011 ). In the following, the value P turb /P therm = 0.2 will be used, which corresponds to a turbulent velocity v turb (l0) = 640 km s
for a typical ICM temperature of 5 × 10 7 K. For merger shocks, we wish to study scales ls smaller than the injection scale l0. We set ls/l0 = 0.1, so that ls is of the order of a few tens kpc, comparable to the relic width. The turbulent velocity v turb (ls) is derived from v turb (l0) by assuming Kolmogorov scaling, i.e. v(l) ∝ l 1/3 . In this way,
The value of δω, for ls/l0 = 0.1 and v turb (l0) = 640 km s −1 , is below 10 −17 s −1 . For comparison, typical values of smallscale vorticity in turbulent regions of the ICM are about 10 −16 s −1 (Kang et al. 2007; Paul et al. 2011) . For this reason, we can neglect the injection of vorticity due to shock curvature. Locally, the curvature term can be significant at locations where the derivative ∂MS/∂S is large, namely where MS varies a lot along the shock surface. An example is given by the large vorticity amplification at the interface between large-scale structure filaments and propagating merger shocks ). Interestingly, bright notch- like features have also been observed at the edges of some radio relics (Röttgering et al. 1997; Bagchi et al. 2006) .
As for the baroclinic term, a qualitative estimate of the relative weight of this term as a function of the shock Mach number MS, can be performed by a comparison of the numerical coefficients of the baroclinic and compressive terms in equation (1), which are 1/MS (µ/(1+µ)M 2 S −1) and µ, respectively. Although a detailed analysis would require more information on the upstream flow and a complete computation of the terms in equation (1), this task is beyond the scope of this paper. For consistency, we further multiply the numerical factor of the baroclinic term by Mt, in order to roughly take into account the magnitude of u in the product ω×u in equation (1), where the flow velocity u is normalised to the sound speed. For the time being, ∂(1/2 M 2 t )/∂S in the baroclinic term is neglected. The normalised density ratio µ is expressed as a function of MS according to the RankineHugoniot relations (cf. Kevlahan & Pudritz 2009 ):
The range of expected turbulent pressure ratios in clusters corresponds to a range of Mt between 0.2 and 0.35 on a scale of a few times 10 kpc. A value of 0.3 has been used for the comparison between the baroclinic and compressive coefficients of equation (1), shown in Fig. 1 .
As expected, µ tends to 3 for increasing MS. The amplification of ω is mostly compressional. The baroclinic contribution is small, as expected for a subsonic turbulent flow (cf. Del Sordo & Brandenburg 2011), but not negligible, especially at high values of MS: for Mt = 0.3 and MS = 5, the baroclinic coefficient is 40% of the compressional one. In this regime, both the compressional and baroclinic term contribute to the shock amplification of vorticity.
In general, merger shocks are efficient in amplifying preexisting vorticity, while they are less efficient in producing it via baroclinic effects. The estimate of the magnetic field in the post-shock region thus depends on the upstream field, which we will estimate in the next Section.
Upstream turbulent flow in the outer ICM and resulting magnetic field
As known from MHD cosmological simulations, under reasonable assumptions for the seed field, it is not possible to reproduce the magnetic field expected in clusters only by adiabatic compression caused by collapse during structure formation (Dolag et al. 2005) . In this Section, with the use of simple analytical estimates, we demonstrate that the turbulent dynamo is able to boost the level of ICM magnetisation above the adiabatic compression values. These results are in rough agreement to the findings of MHD simulations (cf. Introduction). Turbulence is driven by structure formation at large length scales (of the order of l0, a few times 100 kpc), and cascades to the dissipation length scale, presumably located at kpc or sub-kpc scales. All length scales in this range contribute to the amplification of B, but in a Kolmogorov cascade (or any other similar scaling) most of the kinetic energy is contained at the largest scales, although the amplification is faster for smaller eddies (cf. Subramanian et al. 2006) . In this simple analysis, we will restrict ourselves to the amplification by the largest scale eddies (l = l0).
The maximum magnetic field attainable by the turbulent dynamo is some fraction f of the equipartition value with the kinetic energy (see Subramanian 1998; Subramanian et al. 2006; Schleicher et al. 2010; Federrath et al. 2011) :
In Iapichino et al. (2011) it is shown that the stirring in the cosmic gas is driven by a combination of compressional and solenoidal modes, with the latter ones dominating in the ICM. For subsonic, solenoidally driven turbulence Federrath et al. (2011) derived f ≃ 0.4; we will use this value in equation (8). Furthermore, we note that turbulence in clusters is expected not to be volume-filling. According to Subramanian et al. (2006) , for a volume-filling factor fV the rms magnetic field is equal to
Here we set fV = 0.3 (Iapichino & Niemeyer 2008) . We use equation (9) for obtaining an estimate of the magnetic field in the ICM, before the shock propagation. We set v turb (l0) = 640 km s −1 , as in Section 2.1. As for the density in equation (9), the two values ρ = 10 −27 and 10 −28 g cm −3 will be taken as representatives of the density at central distances r = 0.5 Rvir and r = Rvir, respectively. The results are values of the saturation magnetic field Bsat,V = 2.5 µG at r = 0.5 Rvir, and 0.8 µG at r = 1 Rvir.
These values are about a factor of two larger than the typical results from observations and MHD simulations, but our simple derivation cannot represent faithfully the whole complexity of the turbulent dynamo. Firstly, it is not guaranteed that the field is saturated up to the scale l0, and this could slightly reduce our estimates. Furthermore, especially in the cluster periphery, a larger share of compressionallydriven turbulence might result in a smaller value for f in equation (9).
Magnetic field and polarisation in the post-shock region
Having shown that the compressional term is dominant for vorticity production across the shock, we go back to the question of the amplification of B, drawing some estimates from equations (2) and (3). Assuming that the upstream flow is isotropic, it is easy to see that the two B components parallel to the shock surface are amplified by a factor R, while the normal component is not amplified. The strength of the downstream field is thus
For R = 3, the shock amplification predicted by equation (10) is about 2.5, without taking into account some smaller contribution by baroclinicity. Given this amplification and the upstream estimates for B at the end of Section 2.2, B reaches a post-shock value of 2.0 µG at r = Rvir, and of 6.2 µG at r = 0.5 Rvir. For these estimates the same caveat mentioned at the end of Section 2.2 applies. We defer a more detailed comment to Section 5.
Another effect of the compressional amplification is to make the downstream magnetic field anisotropic, by acting preferentially on the field component parallel to the shock. The degree of order introduced in the downstream field can be related to the polarisation observed in radio relics. According to Bonafede et al. (2009) (see also Burn 1966) , in this case the observed polarisation is
where δ = 2α + 1, α being the relic spectral index. The random and ordered components of the downstream magnetic fields are Br and Bo, respectively. In the following, we label the components of B parallel to the shock surface as ordered, and the normal component as random; from equation (10), the ratio B 2 r /B 2 o is set therefore to 1/(2R 2 ). The first factor of the right-hand side of equation (11) can be interpreted as the intrinsic relic polarisation; for a typical value of α = 1, it is equal to 0.75. The second factor of the right-hand side is always smaller than unity and represents a suppression of the intrinsic polarisation. For our fiducial choice R = 3, this factor is equal to 0.95, and P obs = 0.71.
In this oversimplified estimate we neglected to introduce the relic viewing angle, which further suppresses P obs (Enßlin et al. 1998) . For the case of relics seen almost edgeon on the plane of sky, this suppression is not dominant, and in fact the polarisation derived from equation (11) is not far from that measured in CIZA J2242.8+5301 (50-60% level, van Weeren et al. 2010) . In relics with a less favourable viewing geometry, or more complicated morphology, the polarisation is lower (10 to 30%).
Despite of the large uncertainties of the estimate in equation (11), our aim here was to show that the ordering introduced by compressional amplification has the potential c 2012 RAS, MNRAS 000, 1-9 of producing a large polarisation of the radio emission, at odds with turbulent magnetic amplification, which acts in the opposite direction of depolarising the signal, as observed in radio halos (Murgia et al. 2004; Bonafede et al. 2011b) .
Finally, we note that the possibility of a turbulent and magnetised pre-shock medium is not in contradiction with the regular morphology of many radio relics. Hydrodynamical simulations of shock-turbulence interactions (e.g., Lee et al. 1993) show that the shock morphology is mainly unaltered, as long as MS is sufficiently large in comparison to Mt.
TURBULENT AMPLIFICATION IN THE POST-SHOCK REGION
Here we show that, if the upstream flow is not turbulent, the stirring induced by the propagation of a single merger shock is not able to produce fully developed turbulence in the downstream region, and hence turbulent amplification is not efficient. In hydrodynamical simulations of forced turbulence (e.g., Schmidt et al. 2009; Federrath et al. 2009 ), turbulence is fully developed after a few large-scale eddy turnover times t eddy , given by t eddy = L/v, where L is the integral length (the largest length scale at which the flow is stirred) and v is the typical velocity at the scale L.
During the propagation of the merger shock through the cluster outskirts, the downstream region is stirred. Let t evol be defined as the typical evolutionary timescale of the postshock region. Turbulence is considered to be fully developed if the ratio
is larger than a few. Here, we interpret t evol as the advection timescale of the downstream gas over the width of the radio relic, L relic , or the region where a substantial amplification of the magnetic field is required. Thus we write
where v down is the downstream velocity in the shock reference frame. For shocks with Mach numbers between 2 and 5 and shock velocities vS ∼ 1000 − 4000 km s −1 , v down = 1000 km s −1 is a reasonable value. Let us assume a maximal relic width of 200 kpc and a Kolmogorov scaling, i.e. v(l) ∝ l 1/3 with a turbulent velocity of v turb (200 kpc) = 100 km s −1 which is motivated by simulations of shock propagation through a laminar upstream region 1 . The turbulent velocity that we need to consider here is the turbulent velocity that results from a largely laminar inflow. Hence, we find that turbulence is not fully developed, i.e. N < 2 as long as L eddy > 2 kpc. In cluster outskirts, the 1 The adaptive mesh refinement in Paul et al. (2011) is designed to effectively refine the post-shock region, but it is not equally effective upstream. For this reason, here we consider the downstream turbulent velocity reported by Paul et al. (2011) as representative of the stirring produced by a shock propagating in a nearly laminar upstream flow. This is exactly the case that we want to study in this Section, although in real cluster environments the turbulent velocity is expected to be much higher. dissipation scale is very uncertain, but expected to be close to the kiloparsec scale (Sunyaev et al. 2003) .
The (unsurprising) result of this analysis is that the flow in the post-shock region, resulting from a laminar flow upstream, does not show fully developed turbulence, mainly because the timescale t evol is too short. Clearly, if the upstream flow itself is turbulent, mere compressional amplification may suffice as shown in Section 2.1. As a side note, the compressional driving of turbulence, provided by a propagating shock, is rather inefficient in amplifying B (Federrath et al. 2011; Jones et al. 2011 ).
DENSITY INHOMOGENEITIES IN THE UPSTREAM MEDIUM
Based on Suzaku observations of the regions close to the virial radius, it has been suggested that there is some level of clumping in the outer ICM (Urban et al. 2011; Simionescu et al. 2011) . Numerical simulations by Nagai & Lau (2011) have shown that clumping in the ICM, as for the substructure resolved in that work, starts being relevant at r ≃ R200, and thus affects mostly the outer part of the distance range studied throughout this paper. Gas clumps in the ICM have recently been invoked by Birnboim & Dekel (2011) in their mechanism for balancing radiative cooling in cool-core clusters. Moreover, they estimated that about 5 per cent of the accreted baryons are in gas clumps with masses of ∼ 10 8 M⊙. As well as for the turbulent medium, the propagation of a shock through an inhomogeneous medium can be a source of additional vorticity and thus magnetic amplification. Vorticity is generated by the baroclinic mechanism at density inhomogeneities (Samtaney & Zabusky 1994) . In Inoue et al. (2009) , for conditions typical of supernova remnants, the interaction between a strong shock wave and a multiphase interstellar medium produces amplifications well above the level attainable by turbulence.
Here, we make a few geometrical estimates: a sphere with R = 1 kpc and density ρ b = χρ, where the density contrast χ is set to 10 andρ is the ambient density in the outer ICM (set to 10 −28 g cm −3 , i.e. about 200 times the average baryon density), has a mass M b = 6 × 10 4 M⊙. As a working hypothesis, we assume that 5% of the baryons in the outer ICM is in such clouds. We consider a volume of (0.05 × 1.7 × 1.7) Mpc, similar to the volume of the CIZA J2242.8+5301 relic, with an average densityρ. Some simple algebra shows that in this volume there are 1.8 × 10 5 such clumps. From geometrical considerations, their average spacing will be around 10 kpc. According to Poludnenko et al. (2002) , the ratio between the clump radius and this typical separation is smaller than the minimum value needed for the clumps to interact and merge in their late evolution. The initial volume fraction occupied by the clumps is V b,in = 0.005. By visual inspection of the results of Poludnenko et al. (2002) , it is assumed that the clump gets spread in a volume V b,final = 10V b,in before being dispersed. This results in a final volume filling factor which remains small (below the 10% level).
By flux conservation, we set the initial field in the clumps as B b,in = Bup(ρ b /ρ) 2/3 ∼ 3Bup, where Bup is the upstream magnetic field in the ICM.
In their MHD simulations of shock-cloud interaction, Shin et al. (2008) find that, after the shock propagation and before the complete clump dispersal, the clump magnetic field is amplified up to a value B b,final = f b B b,in , with the amplification factor f b which depends on the orientation of B and on the β parameter, defined as β = P/PB, the ratio between the thermodynamical and magnetic pressure. For the problem parameters considered here,
where we used T b = 5 × 10 6 K (smaller than the ambient T by a factor of χ for ensuring pressure equilibrium between the ICM and the clumps), and B b,in = 1.5 µG, resulting from Bup = 0.5 µG. The value of β derived in equation (14) is within the range examined by Shin et al. (2008) ; the corresponding amplification factor is set to f b = 2 (in line with the cited results, but somewhat extreme).
According to Shin et al. (2008) and many other similar studies, the typical timescale for the clump disruption (and for the B amplification) is set by the so-called cloud-crushing time, which is equal to clump shock crossing timescale times χ 1/2 . Given the large difference in size between the clump and the post-shock region, it is obvious that the dispersal mechanism (and the related B amplification) has enough time to develop during the shock propagation in the postshock region.
Summarising the arguments provided above, we arrange them in an estimate of the B amplification. First, we set B down = 2.5Bup as the downstream value of amplified the magnetic field, without the effect of clumping (cf. equation 10). The volume-weighted downstream B, including clumping, is (1
The whole effect of the clumping considered here is an amplification at the negligible level of some percent.
There are many arbitrary parameters in this analysis, but the amplification level will not be significantly larger without invoking a drastically higher baryon fraction in these clumps, or larger sizes. The latter is unlikely as it would destroy the smooth morphology of the radio relic (van Weeren et al. 2011a) .
DISCUSSION AND CONCLUSIONS
In this work, we examined the amplification of magnetic fields in the post-shock region of merger shock waves in galaxy clusters. We considered several mechanisms for amplifying magnetic fields in the downstream region of the shock, including small-scale dynamo action, compressional amplification, baroclinic amplification and amplification by the interaction with density inhomogeneities.
We demonstrated that turbulent amplification is inefficient in producing magnetic fields of the magnitude required by observations in radio relics because the stirring induced by the shock propagation in the post-shock region is not sufficient to drive fully developed turbulence. Instead, we propose that the shock propagates through regions of the outer ICM with a turbulent pressure support of the order of 10 to 30 percent.
The dominant mechanism is the compressional amplification, which amplifies the magnetic field components parallel to the shock surface. Together with compression at shocks, baroclinic effects are expected to be marginally relevant for high Mach numbers (MS 3) and intense ICM turbulence (Mt = 0.3). Motivated by recent observational indications, we explored in Section 4 the role of clumping for the magnetic field amplification, which turns out to be modest.
Compressional amplification can suffice to explain magnetic fields in radio relics. Upstream fields are amplified by the outgoing merger shock, as expressed in Section 2 by equation (10). For a typical shock Mach number MS = 3, the resulting amplification factor is equal to 2.5. The magnetic field in the post-shock region is thus estimated to be 6.2 µG at r = 0.5 Rvir, and 2.0 µG at r = 1 Rvir.
These values are in good agreement with the available estimates of magnetic fields in radio relics (e.g., Bonafede et al. 2009; van Weeren et al. 2011b ). In the case of CIZA J2242.8+5301, the field from observations is between 5 and 7 µG, which is well matched by our prediction. There is some discrepancy between observations and theory for the NW relic of A3667, where the observational estimate for the relic field is B = 3 µG at r ∼ 1 Rvir (Finoguenov et al. 2010) , to be compared to a theoretical prediction at the level of about 2 µG. Given the simplicity of our model, this still constitutes reasonable agreement.
The proposed model for the compressional amplification of the magnetic field, in contrast with turbulent dynamo models, can naturally account for a large polarisation of the radio emission (equation 11), although more realistic estimates should incorporate the role of the relic viewing angle (Enßlin et al. 1998 ).
Compared to X-ray observations, the outer regions of clusters can potentially be better studied by SunyaevZel'dovich (SZ) observations because the SZ effect depends only on the electron density to the first power, while the Xray emission depends on the electron density squared. Facilities such as the Atacama Cosmology Telescope (ACT), the South Pole Telescope (SPT) and the Planck satellite are searching for the SZ signal of galaxy clusters and have found some interesting first results (see, e.g., Bagchi et al. 2011) . For example, it was found that the SZ signal caused by clusters is by a factor of ∼ 2 smaller than predicted by models of clusters that suggest that the pressure by the electrons has been overpredicted (Lueker et al. 2010) . This is presumably caused by a substantial nonthermal pressure at cluster outskirts, most of it is likely to be turbulent pressure (see e.g. Shaw et al. 2010 ). This picture is also supported by simulations (Lau et al. 2009; Vazza et al. 2009; Paul et al. 2011) . However, the volume-filling factor of turbulence in the cluster outskirts is still debated (Valdarnini 2011; Iapichino et al. 2011 ).
Currently, there are few measurements of magnetic fields in regions so far from the cluster centre, such as for example Clarke et al. (2001) , who detected some Faraday RM excess out to central distances around 0.5 Mpc h −1 . However, with the advent of the SKA, the magnetic fields in such regions can be better probed, by measuring the Faraday rotation in a much larger number of background sources (Krause et al. 2009 ). Synchrotron radiation propagating through a magnetised plasma undergoes Faraday ro-tation, and the rotation measure RM is given by:
where L path is the path along the line of sight in units of kpc, ne = ρ/(mpµe) is the electron density in cm −3 (mp is the proton mass, µe ≃ 1.14 is the average mass per electron in a.m.u), and B is the component of B along the line of sight, in µG. We assume that a tangled magnetic field topology in the ICM leads to a Gaussian distribution of RMs with a vanishing mean RM and a RM variance σ 2 RM given by (Murgia et al. 2004) :
where Λ is the typical size of a turbulent cell. Under the assumption that the gas density profile follows a β-model
with central density n0 and core radius rc, the RM dispersion σRM can be expressed as (Felten 1996 ; see also Dolag et al. 2001) :
(1 + r 2 /r 2 c )
where Γ is the Gamma function, and K is a numerical factor which depends on the location of the radio source with respect to the cluster, and is equal to 624 or 441 for background or embedded sources, respectively. The magnetic field B is assumed to be constant in the ICM, although a radial dependence of the type B(r) = B0[n(r)/n0] η (Bonafede et al. 2010) can be introduced by substituting β with β(1 + η) in equation (18) (Dolag et al. 2001) . We adopt the same β-model parameters as in van Weeren et al. (2011a) : rc = 134 kpc, β = 2/3, n0 = 2 × 10 −3 cm −3 , and we set r = 1.5 Mpc. The typical size of the turbulent eddies Λ is set to 100 kpc, according to Subramanian et al. (2006) and to the assumptions of this work. Finally, we consider a background source (K = 624). The resulting RM dispersion for the assumed upstream field of B = 2.5 µG is σRM = 9, and for a shock-amplified field of B = 6.2 µG, it is σRM = 22.
This estimate is probably too rough because the magnetic field has the amplified value only in the post-shock region, and not everywhere in the ICM along the line of sight. A further reduction of σRM comes from imposing a radial profile for B: for a line of sight at r = 0.5 Rvir from the cluster centre, it results in σRM about 20% smaller than in equation (18), as estimated from applying it on Coma, using parameters from Bonafede et al. 2010 . On the other hand, for a line of sight passing through a radio relic, the assumption of a Gaussian distribution for the RM might not hold, because of the ordering introduced on B by the compressional amplification. As a result, RM could be nonvanishing for lines of sight crossing the relic.
The problem of Faraday rotation in connection to cluster merger shocks is interesting and worth being further studied, also by means of numerical simulations, because the derived values of σRM, despite of uncertainties in their derivation, are within the sensitivity goal of upcoming instruments such as SKA or ASKAP (Beck & Gaensler 2004; Krause et al. 2009 ).
Besides the mechanisms considered here, there are a number of other processes that are able to amplify the magnetic field at shocks. Viable channels are the Weibel instability (Weibel 1959 ) and the amplification driven by cosmicray acceleration (the so-called Bell instability; Lucek & Bell 2000; Bell 2004 ). The main issue with these mechanisms is, as in the case of clumping, the length scale: this is a known concern for the Weibel instability (Medvedev et al. 2006) , which has the fastest growing mode below the parsec scale by orders of magnitude, although it has been speculated about a rapid transfer of magnetic energy to cosmological scales (Medvedev et al. 2005) . As for the Bell instability, in the non-linear stage the dominant length scale can grow up to the CR Larmor radius (Riquelme & Spitkovsky 2009 ). For the typical conditions considered in this work, we argue that this length scale remains below or around the parsec scale (cf. equation 6 of Riquelme & Spitkovsky 2009 , and the discussion therein).
Finally, Beresnyak et al. (2009) studied small-scale dynamos in the context of diffusive shock acceleration. They consider the effect of the CR shock precursor on the upstream density perturbations, and identify a mechanism that is able to generate an efficient amplification of the magnetic field in the precursor. In this model, an important condition is the existence of density perturbations in the upstream flow. In the framework of ISM studies, this is guaranteed by the relatively large Mach number of the flow. However, in subsonic flow, as in the ICM, the amplitude of the density perturbations is much smaller (see for example Federrath et al. 2008) , and the amplification in the precursor inefficient. For length scales and separations, the clumping described in Section 4 cannot contribute to this mechanism. As a remedy, Beresnyak et al. (2009) hint at the possibility that density fluctuations are produced in the CR precursor itself. This needs to be studied in future work.
Faraday rotation measurements in the outer ICM will help to discriminate between purely hydrodynamical models of field amplification, which require some level of turbulence and magnetisation in the cluster outskirts, and other models, which link magnetic field amplification to CR acceleration.
